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8. Functional Derivative* 12 Points

A functional F [φ] maps the function φ(x) to the real numbers. The functional derivative of a
functional with respect to a function is defined as

δF [φ]

δφ(z)
= lim

ϵ→0

1

ϵ
(F [φ(x) + ϵ δ(x− z)]− F [φ(x)]) .

This definition is in analogy to the definition of a partial derivative

∂F (x⃗)

∂xj
= lim

ϵ→0

1

ϵ
(F (x⃗+ ϵ e⃗j)− F (x⃗)) .

When making the transition from partial to functional derivatives, the discrete index j turns
into the continuous index x, and the unit vector in j-direction turns into the Dirac delta-function
δ(x− z).
The derivative of a functional is a function and depends on the position z, using this definition,
compute the functional derivatives of the following functionals:

(a) F [φ] = φ(x0) with a fixed x0.

(b) F [φ] = (φ(x0))
2 with a fixed x0.

(c) Assume that the function f(x) can be expanded in a power series, and show that under
this assumption for F [φ] = f (φ(x0))

δF [φ]

δφ(z)
= f ′ (φ(x0)) δ(z − x0)

(d) F [φ] =
∫ b
a A(x)φ(x)dx

(e) F [φ] =
∫
d3xA(x) (φ(x))2

(f) F [φ] =
∫
d3xA(x) (φ(x))n

(f) F [φ] =
∫
d3xA(x)f (φ(x))

(g) F [φ] =
∫
dnx [∇φ(x) · ∇φ(x)]

(h) F [φ] =
∫
dnx g (∇φ(x))

(i) F [φ] =
∫
dnx f

(
φ(x),∇φ(x), φ(x),∇3φ(x), ...

)
(j) S[q] =

∫
dtL (q(t), q̇(t))

1


